This paper deals with some existence and Ulam stability results for some functional differential inclusions of Hilfer and Hilfer-Hadamard type with convex and non-convex right hand side. We employ some multi-valued random fixed point theorems for the existence of random solutions. Next we prove that our problems are generalized UlamHyers-Rassias stable.
Fractional calculus is relative to the traditional integer order calculus put forward, which is the order of calculus from integer orders extended to any order of the mathematical promotion. From the theoretical point of view, the fractional differential calculus signal processing order extended to any number from an integer, the ways and means of information processing were extended. Fractional order differential equations have recently been applied in various areas of engineering, mathematics, physics and bio-engineering, and other applied sciences [19, 35] . For some fundamental results in the theory of fractional calculus and fractional differential equations we refer the reader to the monographs of Abbas et al. [7, 8] , Kilbas et al. [26] and Zhou [41, 42] , the papers by Abbas et al. [1, 4, 5, 9, 10] , Benchohra et al. [11] , and the references therein.
The nature of a dynamic system in engineering or natural sciences depends on the accuracy of the information we have concerning the parameters that describe that system. If the knowledge about a dynamic system is precise then a deterministic dynamical system arises. Unfortunately in most cases the available data for the description and evaluation of parameters of a dynamic system are inaccurate, imprecise or confusing. In other words, evaluation of parameters of a dynamical system is not without uncertainties. When our knowledge about the parameters of a dynamic system are of statistical nature, that is, the information is probabilistic, the common approach in mathematical modeling of such systems is the use of random differential equations or stochastic differential equations. Random differential equations, as natural extensions of deterministic ones, arise in many applications and have been investigated by many mathematicians. We refer the reader to the monographs [12, 27, 37] .
The stability of functional equations was originally raised by Ulam [38] ). next by Hyers [21] . Thereafter, this type of stability is called the Ulam-Hyers stability. In 1978, Rassias [32] provided a remarkable generalization of the Ulam-Hyers stability of mappings by considering variables. The concept of stability for a functional equation arises when we replace the functional equation by an inequality which acts as a perturbation of the equation. Considerable attention has been given to the study of the Ulam-Hyers and Ulam-Hyers-Rassias stability of all kinds of functional equations; one can see the monographs of [8, 22] , and the papers of Abbas et al. [1, 2, 3, 4, 6, 9, 10] , Petru et al. [29] , and Rus [33, 34] discussed the Ulam-Hyers stability for operatorial equations and inclusions. More details from historical point of view, and recent developments of such stabilities are reported in [23, 33] .
Recently, considerable attention has been given to the existence of solutions of initial and boundary value problems for fractional differential equations with Hilfer fractional derivative; see [15, 16, 19, 20, 24, 36, 39] . Motivated by the above papers, in this article we discuss the existence and the Ulam stability of solutions for the following problem of Random Hilfer fractional differential inclusions of the form ) is a measurable space, φ : Ω → R is a measurable function, F : I × R → P(R) is a given multivalued map, P(R) is the family of all nonempty subsets of R, I
1−γ 0
is the left-sided Riemann-Liouville integral of order 1 − γ, and D α,β 0 is the Hilfer fractional derivative of order α and type β.
Next, we consider the following problem of random Hilfer-Hadamard fractional differential inclusions of the form
where
is the left-sided Hadamard integral of order 1 − γ, and
is the Hilfer-Hadamard fractional derivative of order α and type β.
Preliminaries
Let C be the Banach space of all continuous functions v from I into R with the supremum (uniform) norm ∥v∥ ∞ := sup t∈I |v(t)|.
As usual, AC(I) denotes the space of absolutely continuous functions from I into R. We denote by AC 1 (I) the space defined by
By L 1 (I), we denote the space of Lebesgue-integrable functions v : I → R with the norm
Let L ∞ (I) be the Banach space of measurable functions u : I → R which are essentially bounded, equipped with the norm
By C γ (I) and C 1 γ (I), we denote the weighted spaces of continuous functions defined by 19, 1 (2017) with the norm ∥w∥ Cγ := sup
with the norm
Throughout this paper, we denote ∥w∥ Cγ by ∥w∥ C .
For each u ∈ C γ and w ∈ Ω, define the set of selections of F by
Let E be a Banach space, and denote P cl (E) = {A ∈ P(E) : A closed}, P cp,c (E) = {A ∈ P(E) : A compact and convex}.
Note that if F(w) ∈ P cl (E) for all w ∈ Ω, then F is measurable if and only if F −1 (D) ∈ A for all D ∈ P cl (E). A measurable operator u : Ω → E is called a measurable selector for a measurable multifunction F : Ω → E, if u(w) ∈ F(w). Let M ∈ P cl (E), then a mapping f : Ω × M → E is called a random operator if, for each u ∈ M, the mapping f(., u) : Ω → E is measurable. An operator u : Ω → E is said to be a random fixed point of F if u is measurable and u(w) ∈ F(w, u(w)) for all w ∈ Ω.
is measurable for all u ∈ E and F(w, ·) is continuous for all w ∈ Ω. Definition 3. A multivalued map F : I × E × Ω → P cp (E) is said to be random Carathéodory if (i) (t, w) −→ F(t, u, w) is jointly measurable for each u ∈ E; and (ii) u −→ F(t, u, w) is Hausdorff continuous for almost each t ∈ I, w ∈ Ω.
Definition 4.
[17] Let E be a separable Banach space. If F : I × E → P cp (E) is Carathéodory, then the multivalued mapping (t, u(t)) → F(t, u(t)), is jointly measurable for any measurable E-valued function u on I.
for all u, v ∈ E and w ∈ Ω, where k(w) ∈ [0, 1) on Ω. Now, we give some results and properties of fractional calculus.
where Γ (·) is the (Euler's) Gamma function defined by
Notice that for all r, r 1 , r 2 > 0 and each w ∈ C, we have I r 0 w ∈ C, and
w)(t); for a.e. t ∈ I.
−r w(s)ds; for a.e. t ∈ I.
Let r ∈ (0, 1], γ ∈ [0, 1) and w ∈ C 1−γ (I). Then the following expression leads to the left inverse operator as follows.
Definition 8. [7, 26] The Caputo fractional derivative of order r ∈ (0, 1] of a function w ∈ AC(I) is defined by
−r d ds w(s)ds; for a.e. t ∈ I.
In [19] , R. Hilfer studied applications of a generalized fractional operator having the RiemannLiouville and the Caputo derivatives as specific cases (see also [20, 24, 36] .
The Hilfer fractional derivative of order α and type β of w is defined as
Moreover, the parameter γ satisfies 
Furthermore, if w ∈ C γ (I) and I
From the above corollary, we conclude the following lemma.
Then problem (1.1) is equivalent to the problem of the solutions of the integral equation
where v ∈ S F•u (w).
Now, we consider the Ulam stability for the problem (1.1). Let ϵ > 0 and Φ : I × Ω → [0, ∞) be a continuous function. We consider the following inequalities
Definition 10. [7, 33] The problem (1.1) is Ulam-Hyers stable if there exists a real number c F > 0 such that for each ϵ > 0 and for each random solution u : Ω → C γ of the inequality (2.2) there exists a random solution v : Ω → C γ of (1.1) with
Definition 11. [7, 33] The problem (1.1) is generalized Ulam-Hyers stable if there exists c F :
) with c F (0) = 0 such that for each ϵ > 0 and for each random solution u : Ω → C γ of the inequality (2.2) there exists a random solution v : Ω → C γ of (1.1) with
Definition 12. [7, 33] The problem (1.1) is Ulam-Hyers-Rassias stable with respect to Φ if there exists a real number c F,Φ > 0 such that for each ϵ > 0 and for each random solution u : Ω → C γ of the inequality (2.4) there exists a random solution v : Ω → C γ of (1.1) with
Definition 13. [7, 33] The problem (1.1) is generalized Ulam-Hyers-Rassias stable with respect to Φ if there exists a real number c F,Φ > 0 such that for each random solution u : Ω → C γ of the inequality (2.3), there exists a random solution v : Ω → C γ of (1.1) with One can have similar remarks for the inequalities (2.2) and (2.4).
In the sequel, we employ the following random multi-valued fixed point theorems:
Theorem 2.1. [14] ] Let (Ω, A) be a complete σ-finite measure space, X be a separable Banach space, M(Ω, X) be the space of all measurable X-valued functions defined on Ω, and let N : Ω×X → P cp,cv (X) be a continuous and condensing multi-valued random operator. If the set {u ∈ M(Ω, X) : λu ∈ N(w)u} is bounded for each w ∈ Ω and all λ > 1, then N(w) has a random fixed point.
Theorem 2.2.
[28] Let (Ω, A) be a complete σ-finite measure space, E a separable Banach space, and let N : Ω × E → P cl (E) be a random multi-valued contraction. Then N(w) has a random fixed point.
We recall an integral inequality which based on an iteration argument.
Lemma 2.2.
[40] Suppose β > 0, a(t) is a nonnegative function locally integrable on 0 ≤ t < T (some T ≤ +∞) and g(t) is a nonnegative, nondecreasing continuous function defined on 0 ≤ t < T, g(t) ≤ M (constant), and suppose u(t) is nonnegative and locally integrable on 0 ≤ t < T with
From the above lemma, we concluded with the following lemma.
Lemma 2.3. Suppose β > 0, a(t, w) is a nonnegative function locally integrable on [0, T ) × Ω (some T ≤ +∞) and g(t, w is a nonnegative, nondecreasing continuous function with respect to t defined on [0, T ) × Ω, g(t, w) ≤ M (constant), and suppose u(t, w) is nonnegative and locally integrable with respect to t on [0, T ) × Ω with 
The convex case
We present now some existence and Ulam stabilities results for the problem (1.1) with convex valued right hand side.
The following hypotheses will be used in the sequel.
There exists a measurable and bounded function l : Ω → L ∞ (I, [0, ∞)) satisfying for each w ∈ Ω, H d (F(t, u, w), F(t, u, w)) ≤ t 1−γ l(t, w)|u − u|; for every t ∈ I and u, u ∈ R. and d(0, F(t, 0, w)) ≤ t 1−γ l(t, w); for t ∈ I, (H 3 ) There exists λ Φ > 0 such that for each t ∈ I, and w ∈ Ω, we have
Remark 2. For each u : Ω → C, the set S F,u (w) is nonempty since by (H 1 ), F has a measurable selection (see [13] , Theorem III.6).
Remark 3. The hypothesis (H 2 ) implies that, for every t ∈ I, u ∈ R and w ∈ Ω, we get
and
Theorem 3.1. Assume that the hypotheses (H 1 ) and (H 2 ) hold. Then, the problem (1.1) has a random solution defined on I × Ω.
Proof. Define a multivalued operator N : Ω × C γ → P(C γ ) by:
The map φ is measurable for all w ∈ Ω. Again, as the indefinite integral is continuous on I, for each v ∈ S F•u (w), then N(w) defines a multivalued mapping N : Ω × C γ → P(C γ ). Thus u is a random solution for the problem (1.1) if and only if u ∈ N(w)u. We shall show that the multivalued operator N satisfies all conditions of Theorem 2.1. The proof will be given in several steps.
Step 1. N(w) is a multi-valued random operator on C. Since F(t, u, w) is random Carathéodory, the map w → F(ty, u, w) is measurable in view of Definition 4. Similarly, the product (t − s) α−1 v(s, w) of a continuous function and a measurable multifunction is again measurable for each v ∈ S F•u (w). Further, the integral is a limit of a finite sum of measurable functions, therefore, the map
is measurable. As a result, N(w) is a multi-valued random operator on C γ .
Step 2. N(w)u ∈ P cv (C γ ) for each u ∈ C γ . Indeed, if h 1 , h 2 belong to N(w)u, then there exist v 1 , v 2 ∈ S F•u (w) such that for each t ∈ I and w ∈ Ω, we have
Let 0 ≤ d ≤ 1. Then, for each t ∈ I and w ∈ Ω, we get
Since S F•u (w) is convex (because F has convex values), we get
Step 3. N(w) is continuous and N(w)u ∈ P cp (C γ ) for each u ∈ C γ . The proof of this step will be given in several claims.
Claim 1: N(w) is continuous. Let {u n } be a sequence such that u n → u in C γ . Then from (H 2 ), for each t ∈ I and w ∈ Ω, we have H d (F(t, u n (t, w), w), F(t, u(t, w), w))
Thus, we obtain H d (F(t, u n (t, w), w), F(t, u(t, w), w)) → 0 as n → ∞.
Claim 2: N(w) maps bounded sets into bounded sets in C γ . Let B η * = {u ∈ C γ : ∥u∥ C ≤ η * } be bounded set in C γ , and u ∈ B η * . Then for each h ∈ N(w)u, there exists v ∈ S F•u (w) such that
w).
By (H 2 ), for each t ∈ I and w ∈ Ω, we obtain
Claim 3: N(w) maps bounded sets into equicontinuous sets in C γ . Let t 1 ), t 2 ∈ I, t 1 < t 2 , and let B η * be a bounded set of C γ as in claim 2, and let u ∈ B η * and h ∈ N(w)u. Then, there exists v ∈ S F•u (w) such that for each w ∈ Ω, we get
As t 1 → t 2 , the right-hand side of the above inequality tends to zero. As a consequence of claims 1 to 3, together with the Arzela-Ascoli theorem, we can conclude that N(w) is continuous and completely continuous multi-valued random operator.
Step 4: The set E := {u ∈ C γ : λu ∈ N(w)u} is bounded for some λ > 1. Let u ∈ C γ be arbitrary and let w ∈ Ω be fixed such that λu ∈ N(w)u for all λ > 1. Then, there exists v ∈ S F•u (w) such that for each t ∈ I, we have
This implies by (H 2 ) that, for each t ∈ I, we get
From Lemma 2.3, for each (t, w) ∈ [0, T ) × Ω, we have
Thus, for all t ∈ I and w ∈ Ω, we obtain ∥u∥ ∞ ≤ M.
As a consequence of steps 1 to 4, together with the Theorem 2.1, N has a random fixed point u which is a random solution to problem (1.1). Now, we are concerned with the generalized Ulam-Hyers-Rassias stability of our problem (1.1). Proof. Let u be a random solution of the inequality (2.3), and let us assume that v is a random solution of problem (1.1). Thus, we have
where f v ∈ S F•v (w). From the inequality (2.3) for each t ∈ I, and w ∈ Ω, we have
where f ∈ S F•u (w). From hypotheses (H 2 ) and (H 3 ), for each t ∈ I, and w ∈ Ω, we get
From Lemma 2.3, we obtain
Finally, the problem (1.1) is generalized Ulam-Hyers-Rassias stable.
The Non-convex case
We present now some existence and Ulam stabilities results for the problem (1.1) with non-convex valued right hand side.
(H 02 ) There exists a measurable and bounded function l :
1−γ l(t, w)|u − u|; for every t ∈ I and u, u ∈ R.
Now, we shall prove the following theorem concerning the existence of random solutions of problem (1.1). Theorem 3.3. Assume that the hypotheses (H 01 ) and (H 02 ) hold. If
2)
Then the problem (1.1) has at least one random solution defined on I × Ω.
Proof. LetN : Ω × C γ → P(C γ ) be the multivalued operator defined in (3.1). We know that N(w) is a multi-valued random operator on C γ . We shall show that the multivalued operator N satisfies all conditions of Theorem 2.2. The proof will be given in two steps.
Step 1. N(w)u ∈ P cl (C γ ) for each u ∈ C γ . let {u n } n≥0 ∈ N(w)u such that u n −→ũ in C γ . Then,ũ ∈ C γ and there exists f n (·, ·, ·) ∈ S F•u (w) be such that, for each t ∈ I and w ∈ Ω, we have
Using the fact that F has compact values and from (H 01 ), we may pass to a subsequence if necessary to get that f n (·, ·, ·) converges to f in L 1 (I), and hence f ∈ S F•u (w). Then, for each t ∈ I and w ∈ Ω, we get
So,ũ ∈ N(w)u.
Step 2. There exists 0 ≤ λ < 1 such that, for each w ∈ Ω,
Let u, u ∈ C γ and h ∈ N(w)u. Then, there exists f(t, w) ∈ F(t, u(t, w), w) such that for each t ∈ I and w ∈ Ω, we have
From (H 02 ) it follows that
Hence, there exists v ∈ S F•u such that
Consider U : I × Ω → P(R) given by
Since the multivalued operator u(t, w) = U(t, w) ∩ F(t, u(t, w), w) is measurable (see Proposition III.4 in [13] ), there exists a function f(t, w) which is a measurable selection for u. So, f(t, w) ∈ F(t, u(t, w), w), and for each t ∈ I and w ∈ Ω, we get
Let us define for each t ∈ I and w ∈ Ω,
Then for each t ∈ I and w ∈ Ω, we obtain
By an analogous relation, obtained by interchanging the roles of u and u, it follows that
So by (3.2) , N is random contraction and thus, by Theorem 2.2, N has a random fixed point u which is a random solution to problem (1.1). 
Hilfer-Hadamard fractional random differential inclusions
Now, we are concerned with the existence and the Ulam-Hyers-Rassias stability for problem (1.2).
Denote the weighted space of continuous functions defined by
with the norm ∥w∥ C γ,ln := sup
Let us recall some definitions and properties of Hadamard fractional integration and differentiation. We refer to [18, 26] for a more detailed analysis.
Definition 15. [18, 26] (Hadamard fractional integral). The Hadamard fractional integral of order
provided the integral exists.
(H ′ 3 ) There exists λ Φ > 0 such that for each t ∈ [1, T ], and w ∈ Ω, we have Finally, we give (without proof) existence and Ulam stability results for problem (1.2) with nonconvex valued right hand side. The following hypotheses will be used in the sequel. 
Examples
Let Ω = (−∞, 0) be equipped with the usual σ-algebra consisting of Lebesgue measurable subsets of (−∞, 0). 
